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Motivation

Precision calculations of the LHC- and ILC-observables

QCD & DRED:

Use of Ward identities for SUSY Yang-Mills theories

DRED applied to non supersymmetric theories

QCD as the low energy effective theory of SUSY-QCD

Removal of DRED inconsistencies [ W. Siegel ’80], [ D. Stöckinger ’05]

possible SUSY violation at HO
[L. Avdeev, G. Chochia, A. Vladimirov ’81], [ I. Jack and D. R. T. Jones ’97]

SUSY preserved in all present 1- and 2-loop checks
[ W. Hollik and D. Stöckinger ’05]
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Framework

Quasi-4-dim. space (Q4S): 4 = d⊕ 4− d
Quasi-4-dim metric tensor: Gµν = gµν + g̃µν

GµαGµα = 4 , Gµα gαν = gµν , Gµα g̃αν = g̃µν

gµµ = d , gµα gαν = gµν , gµα g̃αν = 0

g̃µµ = 4− d , g̃µα g̃αν = g̃µν
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Framework

Quasi-4-dim. space (Q4S): 4 = d⊕ 4− d
Quasi-4-dim metric tensor: Gµν = gµν + g̃µν

Dirac matrices in Q4S: Γµ = γµ + γ̃µ

Γµ do not satisfy 4-dim. Fierz relations

γµ = gµν Γν , γ̃µ = g̃µν Γν

{Γµ ,Γν} = 2Gµν I , Tr I = 22 = 4 ,

{γµ , γν} = 2 gµν I , {γ̃µ , γ̃ν} = 2 g̃µν I , {γµ , γ̃ν} = 0 .
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Quasi-4-dim metric tensor: Gµν = gµν + g̃µν

Dirac matrices in Q4S: Γµ = γµ + γ̃µ
space-time coordinates continued from 4 to d ≤ 4 dim.

∂̃µ ≡ g̃µν∂ν = 0

p̃µ = 0
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Framework

Quasi-4-dim. space (Q4S): 4 = d⊕ 4− d
Quasi-4-dim metric tensor: Gµν = gµν + g̃µν

Dirac matrices in Q4S: Γµ = γµ + γ̃µ
space-time coordinates continued from 4 to d ≤ 4 dim.

the number of field components unchanged

4-dim gluon field: Aa
µ = V a

µ + Saµ ,

V a
µ = gµν A

a
ν = d- dim. vector

Saµ = g̃µν A
a
ν = ε scalar

under gauge transformations
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Framework(2)

L = Ln + Lε
Ln same as in DREG

Lε new contribution due to ε-scalars

distinguish between real and evanescent couplings

Ln = −1

4
V a,µνV a

µν −
(∂µV a

µ )2

2(1− ξ) + c̄a∂µ∇ab
µ c

b + iψ̄αγµ∇αβ
µ ψβ

Lε =
1

2
(∇ab

µ S
b
ν)

2 − gψ̄γνT aψSaν −
1

4
g2fabcfadeSbνS

c
ρS

d
νS

e
ρ

Sν : Yukawa-type (αe) and quartic self-couplings (ηr)

f − f structure not preserved under renormalization
3 new couplings ηr allowed
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Feynman Rules

ε-scalars treated as real particles

new Feynman diagrams/rules for the ε-scalars
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real and evanescent couplings renormalize differently
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Charge Renormalization Constants

gauge coupling αs: Zs =
Z̃1

Z̃3

√
Z3

=
Z1

Z2

√
Z3
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Charge Renormalization Constants

gauge coupling αs: Zs =
Z̃1

Z̃3

√
Z3

=
Z1

Z2

√
Z3

Yukawa-type coupling αe: Ze =
Zε

1

Z2

√
Zε

3

quartic ε-scalar coupling ηr: Zλr =

√
Zr

1

Zε
3

Renormalization conditions: all Green’s functions finite
⇒ Unitarity is maintained.
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β-functions within DRED

Dimensional Reduction⊕ Minimal Subtraction DR

βDR
s (αDR

s , αe, {ηr}) = µ2 d

dµ2

αDR
s

π

= −
"
ε
αDR
s

π
+ 2

αDR
s

ZDR
s

 
∂ZDR

s

∂αe
βe +

X

r

∂ZDR
s

∂ηr
βηr

!# 
1 + 2

αDR
s

ZDR
s

∂ZDR
s

∂αDR
s

!−1

βe(α
DR
s , αe, {ηr}) = µ2 d

dµ2

αe

π

= −
"
ε
αe

π
+ 2

αe

Ze

 
∂Ze

∂αDR
s

βDR
s +

X

r

∂Ze

∂ηr
βηr

!#„
1 + 2

αe

Ze

∂Ze

∂αe

«−1

βηr (αDR
s , αe, {ηr}) = µ2 d

dµ2

ηr

π

= −

2
4ε ηr

π
+ 2

ηr

Zλr

0
@ ∂Zλr

∂αDR
s

βDR
s +

∂Zλr
∂αe

βe +
X

r′ 6=r

∂Zλr
∂ηr′

βηr′

1
A
3
5
„

1 + 2
ηr

Zλr

∂Zλr
∂ηr

«−1
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3-loop βDR-function

Explicit computation

Zs to 3-loops
- disagreement with the existing result [Z. Bern et al. ’02]

Ze to 1-loop [I. Jack et al. ’94], [L.Avdeev & M.Kalmykov’97]

βDR
s independent of ηr up to 3-loops
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3-loop βDR-function

Explicit computation

Zs to 3-loops
- disagreement with the existing result [Z. Bern et al. ’02]

Ze to 1-loop [I. Jack et al. ’94], [L.Avdeev & M.Kalmykov’97]

βDR
s independent of ηr up to 3-loops

' 5.000 diagrams evaluated with
QGRAF,q2e,exp,MINCER

βdred,3l
g (αDR

s , αe) =

"
αDR
s

π

#3
αe

π

3

16
C2
F Tnf +

"
αDR
s

π

αe

π

#2

CF Tnf

»
CA

16
− CF

8
− Tnf

16

–

−
"
αDR
s

π

#4»
3115

3456
C3
A −

1439

1728
C2
ATnf +

1

32
C2
F Tnf

−193

576
CACF Tnf +

79

864
CAT

2n2
f +

11

144
CF T

2n2
f

–
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3-loop βDR
s -function (2)

Indirect computation

βDR
s = βMS

s

∂αDR
s

∂αMS
s

+ βe
∂αDR

s

∂αe
+ . . .

2-loop conversion relation αMS
s � αDR

s

αDR
s

αMS
s

= 1 +
αMS
s

π

CA
12

+

[
αMS
s

π

]2
11

72
C2
A −

αMS
s

π

αe
π

1

8
CFTnf

αe = αDR
s QCD: [Z.Bern et al.’02]

SUSY-QCD: [R. Harlander, L.M., M. Steinhauser’05]

αe 6= αDR
s proves equivalence of DRED and DREG at 3-loops
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4-loop βDR - function

Indirect computation

βDR
s = βMS

s

∂αDR
s

∂αMS
s

+ βe
∂αDR

s

∂αe
+
∑

r

βηr
∂αDR

s

∂ηr

4-loop βMS
s known [T. van Ritbergen et al’97, M. Czakon’04]

2-loop βe computed

only O(αs) of βηr needed
3-loop conversion relation αMS

s � αDR
s computed
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4-loop βDR - function

Indirect computation

βDR
s = βMS

s

∂αDR
s

∂αMS
s

+ βe
∂αDR

s

∂αe
+
∑

r

βηr
∂αDR

s

∂ηr

4-loop βMS
s known [T. van Ritbergen et al’97, M. Czakon’04]

2-loop βe computed

only O(αs) of βηr needed
3-loop conversion relation αMS

s � αDR
s computed

 
αDR
s

αMS
s

!

3l

=

 
αMS
s

π

!3„
3049

384
− 179

864
nf

«
+

“
αMS
s

”2

π3

„
−η1

9

256
+ η2

15

32
+ η3

3

128
− αe

887

1152
nf

«

+
αMS
s

π3

»
η2

1

27

256
− η2

2

15

16
− η1η3

9

64
+ η2

3

21

128
+ α2

e

„
43

864
nf +

19

1152
n2
f

«–
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4-loop βDR - function

Indirect computation

βDR
s = βMS

s

∂αDR
s

∂αMS
s

+ βe
∂αDR

s

∂αe
+
∑

r

βηr
∂αDR

s

∂ηr

4-loop βMS
s known [T. van Ritbergen et al’97, M. Czakon’04]

2-loop βe computed

only O(αs) of βηr needed
3-loop conversion relation αMS

s � αDR
s computed

4-loop order result:

βDR
s = −εα

DR
s

π
−

∑

i,j,k,l,m

βDR
ijklm

(
αDR
s

π

)i (αe
π

)j (η1

π

)k (η2

π

)l (η3

π

)m
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βDR
50000 =

β3

256
+

166861

6144
− 9109

6912
nf +

457

20736
n2
f , βDR

41000 = −1667

512
nf +

145

2304
n2
f ,

βDR
32000 = − 409

6912
nf +

1303

4608
n2
f , βDR

23000 =
5

1296
nf −

49

3456
n2
f −

19

2304
n3
f ,

βDR
40100 = −171

512
+

3

512
nf , βDR

40010 =
285

64
− 5

64
nf , βDR

40001 =
57

256
− 1

256
nf ,

βDR
31100 =

9

512
nf , βDR

31010 = −15

64
nf , βDR

31001 = − 3

256
nf ,

βDR
30200 =

2223

2048
, βDR

30020 = −855

64
, βDR

30002 =
441

256
, βDR

30110 =
45

128
,

βDR
30101 = −801

512
, βDR

30011 = −45

64
, βDR

22100 =
21

128
nf , βDR

22010 = − 35

192
nf ,

βDR
22001 = − 7

64
nf , βDR

21200 = − 9

64
nf , βDR

21020 =
5

4
nf , βDR

21002 = − 7

32
nf ,

βDR
21101 =

3

16
nf , βDR

20300 = − 297

1024
, βDR

20030 = 20 , βDR
20003 = − 49

128
,

βDR
20210 = −135

128
, βDR

20201 =
297

512
, βDR

20120 = −45

32
, βDR

20021 =
105

32
,

βDR
20102 =

63

128
, βDR

20012 = −105

32
, βDR

20111 =
45

16
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Susy limit: agreement with [I. Jack, D.R.T. Jones and A. Pickering ’98]

βSYM
s = −

(αs
π

)2
[

3

4
CA +

3

8
C2
A

αs
π

+
21

64
C3
A

(αs
π

)2

+
51

128
C4
A

(αs
π

)3
]

+O(α6
s)

massless QCD→ Susy Yang-Mills theory:

adjust the colour factors: CA = CF = 2T , nf = 1

set αDR
s = αe = η1 and η2 = η3 = 0

3-loop β-function of the evanescent Yukawa coupling:

βSYM
e = βSYM

s +O(α5
s)

disagreement with [L.V. Avdeev ’82]

Susy preserved through 3-loops
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3-loop γDR
m -function

Explicit computation

γDR
m = −πβDR

s

∂ lnZDR
m

∂αDR
s

− πβe
∂ lnZDR

m

∂αe
− π

∑

r

βηr
∂ lnZDR

m

∂ηr
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3-loop γDR
m -function

Explicit computation

γDR
m = −πβDR

s

∂ lnZDR
m

∂αDR
s

− πβe
∂ lnZDR

m

∂αe
− π

∑

r

βηr
∂ lnZDR

m

∂ηr

2-loop result for αe = αDR
s agrees with [L. Avdeev & M. Kalmykov’97]

γDR
m (αDR

s , αe) = 1− αDR
s

π

3

4
CF

−
"
αDR
s

π

#2»
3

32
C2
F +

91

96
CACF −

10

48
CFTnf

–

+
αDR
s

π

αe

π

3

8
C2
F −

hαe
π

i2»1

4
C2
F −

1

8
CACF +

1

8
CF Tnf

–
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3-loop γDR
m -function

Explicit computation

γDR
m = −πβDR

s

∂ lnZDR
m

∂αDR
s

− πβe
∂ lnZDR

m

∂αe
− π

∑

r

βηr
∂ lnZDR

m

∂ηr

3-loop result:

3-loop ZDR
m computed

2-loop βe computed

only tree-level η’s contribute

L. Mihaila, University of Karlsruhe ILC-ECFA Workshop, Valencia, November 2006 – p.14



3-loop γDR
m -function

Explicit computation

γDR
m = −πβDR

s

∂ lnZDR
m

∂αDR
s

− πβe
∂ lnZDR

m

∂αe
− π

∑

r

βηr
∂ lnZDR

m

∂ηr

3-loop result:

3-loop ZDR
m computed

2-loop βe computed

only tree-level η’s contribute

γDR
m (αDR

s , αe, {ηr}) = −
∑

i,j,k,l,m

γDR
ijklm

(
αDR
s

π

)i (αe
π

)j (η1

π

)k (η2

π

)l (η3

π

)m
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γDR
30 =

129

128
C3
F −

133

256
C2
FCA +

10255

6912
CFC

2
A +

−23 + 24ζ3

32
C2
F Tnf

−
„

281

864
+

3

4
ζ3

«
CACF Tnf −

35

432
CFT

2n2
f ,

γDR
21 = −27

64
C3
F −

21

32
C2
FCA −

15

256
CFC

2
A +

9

32
C2
F Tnf ,

γDR
12 =

9

8
C3
F −

21

32
C2
FCA +

3

64
CFC

2
A +

3

64
CACF Tnf +

3

8
C2
F Tnf ,

γDR
03 = −3

8
C3
F +

3

8
C2
FCA −

3

32
CFC

2
A +

1

8
CACFTnf −

5

16
C2
FTnf −

1

32
CF T

2n2
f ,

γDR
02100 =

3

8
, γDR

02010 = − 5

12
, γDR

02001 = −1

4
, γDR

01200 = − 9

64
,

γDR
01020 =

5

4
, γDR

01101 =
3

16
, γDR

01002 = − 7

32

L. Mihaila, University of Karlsruhe ILC-ECFA Workshop, Valencia, November 2006 – p.15



3-loop γDR
m -function (2)

Indirect computation

γDR
m = γMS

m

∂ lnmDR

∂ lnmMS
+
πβMS

s

mDR

∂mDR

∂αMS
s

+
πβe

mDR

∂mDR

∂αe
+ . . .

3-loop γMS
m known

2-loop βe computed

2-loop relation between mDR and mMS computed

mDR

mMS
= 1− αe

π

1

4
CF −

αMS
s

π

αe
π

[
1

4
C2
F +

3

32
CACF

]

+

[
αMS
s

π

]2
11

192
CACF +

[αe
π

]2[ 3

32
C2
F +

1

32
CFTnf

]

Equivalence of DRED and DREG at 3-loop order
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4-loop γMS
m -function

Indirect computation

γDR
m = γMS

m

∂ lnmDR

∂ lnmMS
+
πβMS

s

mDR

∂mDR

∂αMS
s

+
πβe

mDR

∂mDR

∂αe
+
∑

r

πβηr

mDR

∂mDR

∂ηr

4-loop γMS
m known [K. Chetyrkin ’97, J. Vermaseren et al ’97]

3-loop βe computed ( ' 10.000 diagrams)

3-loop relation between mDR and mMS computed
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4-loop γMS
m -function

Indirect computation

γDR
m = γMS

m

∂ lnmDR

∂ lnmMS
+
πβMS

s

mDR

∂mDR

∂αMS
s

+
πβe

mDR

∂mDR

∂αe
+
∑

r

πβηr

mDR

∂mDR

∂ηr

4-loop γMS
m known [K. Chetyrkin ’97, J. Vermaseren et al ’97]

3-loop βe computed ( ' 10.000 diagrams)

3-loop relation between mDR and mMS computed

agreement for the Susy limit with [I. Jack & D.R.T. Jones ’97]

γSYM
m = παs

d

dαs

[
βSYM
s

αs

]
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Phenomenological analysis

non-SUSY theories αDR
s 6= αe essential

Numerical example

SUSY theory : βDR
s = βe

αDR
s (µ) = αe(µ) at all scales.

Integrate out all SUSY particles at µ = MZ

αDR
s (MZ) = αe(MZ) = 0.120

Evolve αDR
s and αe down to µb = 4.2 GeV

αDR
s (µb) = 0.218

αe(µb) = 0.167

mDR
b (µb) = 4.12

If αDR
s = αe ⇒ δm ' 30 MeV
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Conclusions

4-loop QCD β-function and mass anomalous dimension γm
computed within DRED

explicit calculation of β and γm to 3-loop order

4-loop relation between DRED and DREG established

Equivalence of DRED and DREG at 3-loop order

Susy-YM: supersymmetry preserved through 3-loop order

Careful treatment of the evanescent couplings
phenomenologically important
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