
Scalings for multi-GeV laser-plasma accelerators 
and recent progresses in numerical modeling 
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Particle-in-cell simulations

Full scale PIC modeling of Nature 
experiments

QuickPIC: a 3D reduced model for intense 
beam-plasma interactions

Benchmarking with full PIC simulations

Scalings for multi-GeV laser-plasma 
accelerators

blow-out regime
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L. O. Silva | Paris, FR, 15 May 2006 | ANAD 

S. F. Martins et al., 2005



Particle-in-cell simulations

Solving Maxwell’s equations on a grid with self-consistent 
charges and currents due to charged particle dynamics

Particle-in-cell (PIC) - (Dawson, Buneman,1960’s)
Maxwell’s equation solved on simulation grid
Particles pushed with Lorentz force

State-of-the-art
~ 109 particles
~ (500)3 cells

RAM ~ 0.5 TByte
Run time: hours to months
Data/run ~ 1 TByte

One-to-one simulations of plasma 
based accelerators & cluster 
dynamics
Weibel/two stream instability in 
fast igniton, astrophysics



osiris 2.0

New in version 2.0
· Bessel beams 
· Binary collisions module
· Impact and tunnel ionization 

(ADK model)
· Dynamic load balancing
· Parallel I/O

osiris.framework
· Massivelly parallel particle-in-cell code 
· Visualization and data analysis 

infrastructure
· Developed by the osiris.consortium

⇒  UCLA + IST + USC

L. O. Silva | Paris, FR, 15 May 2006 | ANAD 



Full scale PIC modeling of Nature experiments I*

F Tsung et al., to appear in Physics of Plasmas, 2006
U  C  L  A
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Full scale PIC modeling of Nature experiments II*

F Tsung et al., to appear in Physics of Plasmas, 2006
U  C  L  A
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UCLA

3712 células

256 células

256 células

Impulso laser State-of- the- art 
λ0 = 800 nm, Δt = 50 fs

I = 1.5x1019 W/cm-2, W0 =7.4 μm 

Plasma
ne = 3x1018 cm-3

 (fundo do canal)

Simulações executadas 
para 300,000 passos temporais

 (~40 Comprimentos de Rayleigh)

Parâmetros
– Laser:

• a0 = 3

• W0=9.25 λ0=7.4 μm

• ωl/ωp = 22.5
– Partículas

• 1x2x2 partículas/célula
• 240 milhões

– Comprimento Canal
• L = .828cm
• 300,000 passos temporais

Parâmetros 
semelhantes aos 

disponíveis no LOA e 
LBNL

ne (x2, x3)

canal parabólico

Simulações 3D de LWFA num canal



Near GeV e- beams in a channel

U  C  L  A
power in a uniform plasma. At a distance of 0.55 cm, a
distinct second group of self-injected particles is ob-
served. These electrons eventually reach an energy of
0.84 GeV. As shown in Fig. 1(b), the acceleration of the
first group of self-injected electrons results in a beam
with a 20% energy spread, whereas the second group
has a continuous energy spread. The small energy spread
of the former is produced as the particles rotate in !px; x"
phase space as the higher px particles decelerate.

For both propagation distances used in Fig. 1(b), the
number of self-injected electrons is large. Integrating the
curves in Fig. 1(b) gives 0.52 nC for 0.5 cm and 0.66 nC
for 0.84 cm. Figure 1(a) also shows that there are differ-
ences between 2D and 3D. The biggest difference is that
the energy of the first group of self-injected electrons and
their rate of acceleration is much lower in 2D [both with
the laser polarized in (P) or out (S) of the simulation
plane]. This is due to the differences in the wake structure
in the blowout regime between 2D slab and 3D geome-
tries. Furthermore, the maximum energy of the second
bunch is more than 20% lower for the 2D cases.

The self-injected electrons all come from near the
channel walls, which is clearly shown in Fig. 2(a) where
we plot the distribution line of each high energy electrons
(> 5 MeV) against their original radical positions shown
in Fig. 1(b). Furthermore, as the laser enters the channel,
the initial wake is less than unity in normalized
!mc!p0=e" units. This is illustrated in Fig. 2(b) where
lineouts of the wake are plotted for the two cases: before
the laser is significantly modified by the plasma (blue)
and where self-injection begins to occur (red). In these
units, wave breaking (self-trapping) in 1D does not occur
until the wave greatly exceeds 1. Therefore, it is not
expected that self-injection would ever occur. However,
as shown in Fig. 2(b), the wake amplitude and structure
change dramatically as the laser’s shape and amplitude
evolve self-consistently in the channel, leading to self-
injection from the channel wall.

In the absence of a definitive theory for how self-
injection occurs in the blowout regime [7], we start

from the constant of the motion for an individual electron
which is not trapped [8], !eff # px # !1$  " % 0, where
!eff % !1$ p2

x $ p2
y $ p2

z $ jaj2=2"1=2, the momenta are
normalized to mc, and the potential  & e!"# Ax"=mc2
can be solved for via #r2

? % ## jx, where r2
? % @2y $

@2z and # and jx are normalized to en0 and en0c, respec-
tively. In the blowout regime, plasma electrons are com-
pletely evacuated radially out to a blowout radius rb. The
charge density # is therefore due to an ion column of
radius rb, and a narrow sheath of blowout electrons.

From the constant of motion !eff , the parallel velocity,
vx normalized to c can be written as

vx %
!1$ p2

? $ jaj2=2" # !1$  "2
!1$ p2

? $ jaj2=2" $ !1$  "2 ; (1)

where p2
? & p2

y $ p2
z . In order for a particle to be trapped,

vx must exceed the phase velocity of the wake, v"w, in a
region of focusing fields (note that the expression for !eff
breaks down for vx near the speed of light). This is
different from that described in Ref. [9], which was based
on a gradual deformation of the wake due to a transverse
dependence on the wake’s frequency.

Another requirement for self-injection is that the pon-
deromotive force causes electrons from near the radial
axis to cross electrons that originate at the edge of the
channel. Only then can electrons at the edge be attracted
inwards and arrive on axis before the bulk of the electrons
that constitute the sheath. In the simulations presented
here, the value of r1 is nearly w0. The trajectory crossing
requirement [10] could also be met in a uniform plasma or
wide channel. If r1 ' w0, then the blowout radius needs
to approach or exceeds w0, not r1, and the self-injected
electrons would originate there. However, trajectory
crossing can more easily occur in a channel because the
restoring force is larger for a given electron displacement
for electrons in regions of higher ion density.

We can estimate the requirement for trajectory crossing
by setting the blowout radius to (w0. For a parabolic
channel, the potential  on the axis is given by
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FIG. 2 (color). (a) The distribution of radial position at which
the electrons shown in Fig. 1(b) originated. (b) The longitudi-
nal component of the wakefield taken after the laser enters the
channel (0.1 cm) and when electrons are self-injected (0.25 cm).
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FIG. 1 (color). (a) Maximum electron energy, EMAX, as a
function of laser propagation distance in the plasma channel.
(b) The accelerated electron distribution functions at two
distances in the channel in 3D simulations !E> 10 MeV".
The beam propagates in vacuum for 0.04 cm after exiting the
plasma.
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"  s; (2)

where  s represents a negative contribution from the
electron sheath and rb is a function of ct# z $ # . The
coefficients ! and " are 1=4 and 1=4 in 3D and 1=2 and
1=6 in 2D slab geometry. By equating %1"  & ! %1"
jaj2=2&1=2 on the axis for  given in Eq. (2), we estimate
that for the blowout radius rb to approach r1 the normal-
ized vector potential, a, must exceed 4.30 in 3D and 5.36
in 2D. This is one reason why the wake amplitude and the
self-injection does not occur until the lasers peak vector
potential evolves from an initial value of 3 to a value of 5.

For large values of rb, where  greatly exceeds unity,
the electrons will return to the axis with a large p? and
for the simulation parameters used here, the ponderomo-
tive potential vanishes at this position. Furthermore, as
the electrons converge to the axis, the ion column radius
decreases so that  is dominated by the negative contri-
bution from the electron sheath,  s (in the simulations
 s ! 0:5 at the convergence position). The large values of
p? and  being negative both contribute to make vx
approach unity leading to self-injection.

In Figs. 3(a) and 3(b) lineouts of the laser’s vector
potential and in Fig. 3(c) the lineout of the electric field
are shown at various propagation distances in units of
the initial peak fields. Each plot also shows the initial
laser profile. At the distance when the first stage of self-
injection occurs, 0.25 cm, the vector potential [Fig. 3(a)]
of the laser shows the expected self-phase modulation due
to the wake, with photon frequency being down-shifted at
the front and up-shifted at the back. Photon acceleration/
deceleration (PA/PD) [11] results when there is a gradient
in the index of refraction, causing phase fronts to catch
up/fall behind each other. In the blowout regime, PA/PD
is very localized because the gradients in the index of
refraction occur either at the front or the back of the
blowout region. At the front, the ponderomotive force
snowplows the density, leading to rapid PD to substan-
tially lower frequencies. The middle of the pulse prop-
agates nearly at c in the vacuum region, while the back
undergoes PA to higher frequencies by the density com-
pression caused by the convergence of the blow-out elec-
trons. This regime is very different from that recently
studied by Gordon et al. [12], who studied the ultrashort
pulse regime in which the entire pulse is photon
decelerated.

As seen in Figs. 3(a) and 3(b), PD combined with group
velocity dispersion modifies the vector potential and
electric fields differently, i.e., Ez ! 1:4 and a > 2 times
their initial values. The value of a has increased more
because PD acts like a ponderomotive force, or jaj2 am-
plifier. Although the energy in the laser decreases due to
pump depletion, the number of photons or, equivalently,
the action, jEj2=! ! !jaj2 is conserved locally [11].
Therefore, pump depletion (due to PD) leads to an in-

crease in the ponderomotive force which increases the
blowout radius and the wake’s amplitude.

At x ! 0:34 cm (the red curve in Fig. 3(c)), one sees
clearly the combined effect of self-phase modulation and
group velocity dispersion. At this time, the laser pulse is
not only broader, but the frequency content of the pulse
has been rearranged by group velocity dispersion. Now
the higher frequency components are at the front of the
pulse while the lower frequency photons have slipped to
the back. As the low frequency photons slip backward to
the density compression at the back, they are eventually
photon accelerated back to higher frequencies. This leads
to the pulse appearing as two short pulses at the front and
back of the blown-out region, as shown in the blue curve
in Fig. 3(c).

In Fig. 4, a sequence of density contours are shown in
two transverse planes, n%x; y; z ! 0& and n%x; y ! 0; z& for
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FIG. 3 (color). (a), (b) The vector potential and (c) the elec-
tric field both normalized to their initial values in the plasma
channel. The dotted lines are the initial envelope of the laser.
The horizontal scale is x%c=!p& in (a), (b), and (c).
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FIG. 4 (color). Electron density contour showing the wake
structure at three different locations in the channel in %z vs x&
and out %y vs x& of the plane of the electric field of the laser. 1
and 2 are the locations of the first and second self-injected
electron bunch, respectively.
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Near-GeV-Energy Laser-Wakefield Acceleration of Self-Injected Electrons
in a Centimeter-Scale Plasma Channel

F. S. Tsung,1 Ritesh Narang,2 W. B. Mori,1,2 C. Joshi,2 R. A. Fonseca,3 and L. O. Silva3

1Department of Physics and Astronomy , University of California, Los Angeles, Los Angeles, California 90095, USA
2Department of Electrical Engineering, University of California, Los Angeles, Los Angeles, California 90095, USA

3GoLP/Centro de Fisica dos Plasmas, Instituto Superior Tecnico, 1049-001 Lisboa, Portugal
(Received 24 October 2003; published 27 October 2004)

The first three-dimensional, particle-in-cell (PIC) simulations of laser-wakefield acceleration of self-
injected electrons in a 0.84 cm long plasma channel are reported. The frequency evolution of the
initially 50 fs (FWHM) long laser pulse by photon interaction with the wake followed by plasma
dispersion enhances the wake which eventually leads to self-injection of electrons from the channel
wall. This first bunch of electrons remains spatially highly localized. Its phase space rotation due to
slippage with respect to the wake leads to a monoenergetic bunch of electrons with a central energy of
0.26 GeV after 0.55 cm propagation. At later times, spatial bunching of the laser enhances the
acceleration of a second bunch of electrons to energies up to 0.84 GeV before the laser pulse intensity
is significantly reduced.

DOI: 10.1103/PhysRevLett.93.185002 PACS numbers: 52.38.Kd, 52.59.–f

One of the major goals of the ultrahigh-gradient,
plasma-based acceleration schemes is to demonstrate a
1 GeV compact plasma accelerator driven by a tabletop
terawatt !T3" laser [1]. To reach 1 GeV energies, the laser
must be kept focused without significant longitudinal and
transverse breakup over many Rayleigh lengths [2]. In
addition, it is desirable that the beam be mono-energetic.
In this Letter we explore for the first time the laser-
wakefield acceleration of self-injected electrons in
centimeter-scale plasma channels using the 3D,
particle-in-cell (PIC) code framework OSIRIS [4]. The
3D results differ from linear theory and 2D PIC simula-
tions and shed light on what is likely to happen in near
term experiments.

We assume the laser wavelength, !0 # 2"=k0 #
0:8 #m. We use a computational window of dimension
136 #m$ 136 #m$ 136 #m which moves at the speed
of light, c. The number of gridpoints is 3712$ 256$
256 # 2:4$ 108. The transverse plasma profile for both
electrons and ions is a leaky channel [3] parametrized
as n!r" # n0%1&!n=n0!r2=w2

0"' for r (
!!!!!!!!!!!!!!!!

y2 & z2
p

< r1
and with n falling linearly from n!r1" to 0 for r1 < r <
r2. The resolution in the transverse direction is kp0!y #
0:17, where kp0 # !p0=c, k0=kp0 # 24:13, and !2

p0 (
4"e2n0=m. We use four electrons/cell ( 2$ 108 particles
total) and a smooth neutralizing immobile ion back-
ground. A diffraction limited laser pulse is focused at
the channel entrance with a spot size w0.

The parameters for our 3D simulation were chosen
using physics considerations, linear theory [2] as a guide,
and numerous 2D PIC simulations. The laser pulse length
$FWHM (FWHM of intensity) was 50 fs and power
(13 TW) were chosen to be well within current laser
technology. The focused spot size, 7:4 #m, was chosen
so the focused intensity, I # 1:5$ 1019 W=cm2, i.e., the
normalized vector potential a ( !eA"=!mc2" # 3, would

lead to wakes approaching but below the so-called wave
breaking limit [5]. The laser pulse is Gaussian in the
transverse direction and has a symmetric fifth order
polynomial temporal profile. The density, n0, was chosen
to provide the largest wake for the given pulse length and
to provide a long enough dephasing length to obtain GeV
electrons, !n was chosen to guide the laser pulse with
little spot size oscillations, and r1 was chosen so that the
simulation would provide insight into how an unmatched
laser couples into a channel. These considerations for
the 3D simulation lead to n0 # 3$ 1018 cm)3, !n# 6$
1018 cm)3, w0 # 7:4 #m, r1 # 7 #m, and r2 # 17 #m.
The value of !n is 3 times larger than !nc #
2$ 1018 cm)3, which is the theoretical value for guiding
in the absence of nonlinearities.

The prediction for the key experimental observable is
summarized in Fig. 1 where the maximum energy of any
electron is plotted versus laser propagation distance for
identical 2D and 3D simulations and the distribution
function of the accelerated electrons %f!E" vs E' is
plotted at two propagation distances (0.5 and 0.9 cm) for
the 3D case. In Fig. 1(a), it can be seen that when the laser
initially enters the plasma, there are no self-injected
electrons in either the 2D or 3D runs. However, after
some distance (*0:25 cm in 3D), electrons become
‘‘self-injected’’ into the plasma wave. These electrons
are rapidly accelerated to nearly 0.48 GeV in a distance
of only 0.25 cm, with a peak gradient of 350 GeV=m.
The normalized emittances of this bunch (particles
between 200 to 400 MeV) %"N'i#"=c%h!u2i ih!x2i i)
h!xi!uii2'1=2 are 18.64 and 73:24 #m along the direction
of the oscillating magnetic !b̂" and electric fields !ê" of
the laser, respectively. The maximum electron energy
saturates and then decreases as these electrons diphase
in the wave. A beam with similar energy was observed in
simulations reported by others [6] for a much higher laser

VOLUME 93, NUMBER 18 P H Y S I C A L R E V I E W L E T T E R S week ending
29 OCTOBER 2004

185002-1 0031-9007=04=93(18)=185002(4)$22.50  2004 The American Physical Society 185002-1



UCLA

Initially, no self-injection Conservation of the number of photons
classical wave action

Photon deceleration/ frequency downshift

Nonlinear [relativistic] evolution of laser pulse, for long distances, 
leads to the formation and amplification of single cycle pulses

F. Tsung et al, Proc. Natl. Acad. Sci. 99, 29 (2002)
J. Faure et al, Phys. Rev. Lett. 95, 205003 (2005)

higher a0 leads to wavebreaking

↑↓ ⇒

1/
χ

|a|/a0

a0 = 3 

cτL/λp0 = 1/2 

Nonlinear laser evolution - a0 amplifier

L. O. Silva | Paris, FR, 15 May 2006 | ANAD 



2-D plasma slab

Beam (3-D):

Laser or particles

Wake (3-D)

1. initialize beam

2. solve ∇⊥
2ϕ = ρ, ∇⊥

2ψ = ρe ⇒ Fp ,ψ
3. push plasma, storeψ
4. step slab and repeat 2.
5. useψ to giant step beam

QuickPIC loop:



Benchmarking laser drivers in QuickPIC with osiris 2.0 I

U  C  L  A

a0   = 2.0 
τl    = 20 fs

w0 = 8.2 μm
n0   = 1.38×1019cm-3

a0   = 1.0 
τl    = 20 fs
w0 = 6 μm

n0   = 1.7×1019 cm-3

QuickPIC
26 μm

256 cells KpΔy=0.08

Osiris
50 μm

200 cells KpΔy=0.2

QuickPIC
26 μm

256 cells KpΔx=0.08

Osiris
50 μm

200 cells KpΔx=0.2

QuickPIC
52 μm

512 cells KpΔz=0.08

Osiris
50 μm

1000 cells K0Δz=0.2

QuickPIC
4 particles/cell

Osiris
2 particles/cell



Benchmarking laser drivers in QuickPIC with osiris 2.0 II

U  C  L  A

a0 = 1

a0 = 2



Benchmarking laser drivers in QuickPIC with osiris 2.0 III

U  C  L  A

50 !m 78 !m

6x1018cm-3

n0 = 1x1018cm-3

a0  = 1.0 
τl   = 55 fs

w0 = 25 μm
63 μm × 265 μm × 265 μm



Benchmarking laser drivers in QuickPIC with osiris 2.0 IV

Nonlinear [relativistic] evolution of laser pulse, for 
long distances, leads to conditions for self-injection

[Work in progress]
How to include self-injection in QuickPIC

s = 80 μm s = 840 μm

U  C  L  A
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P =.2 PW, τ =30fs

3D LWFA simulations for 1.5 GeV e- beam
experiments are very close to this robust regime

High quality electron beam
εN ~ r θ ~ 1μm x 1 rad=1 mm-mrad

100’s pC from “cathode” with 1 μm radius
W. Lu, M.  Tzoufras et al., submitted for Nature Physics, 2006
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Scaling  laws for the monoenergetic blow-out regime I

Matched propagation (in the regime P/Pc >>1) *:
Balance of the transverse ponderomotive force by the 
force of the ion channel

2

a 30fs (FWHM) 0.8µm laser pulse containing 200 TW
of power is focused to a spot size w0 = 19.5µm at the
entrance of a 1.5 × 1018cm−3 density plasma to give a
normalized vector potential of a0 = 4. The laser is cir-
cularly polarized and has a Gaussian transverse profile.
The plasma is 0.75cm long which corresponds to more
than 5 Rayleigh lengths.

A light pulse can be guided with a nearly constant
(matched) spot size by a plasma channel that has a
parabolic refractive index/density profile with a maxi-
mum/minimum on axis. The index of refraction in a
plasma can be expanded as[12, 13] η = ck/ω " 1 −
1
2

ω2
p

ω2
0

(
1 + ∆nc

np

r2

w2
0

+ ∆n
np
− a2

0
8

)
where ∆nc parametrizes

an external density channel, ∆n is a density depletion
from the transverse ponderomotive force and the term
a2
0/8 is due to relativistic mass corrections. The charac-

teristic density change required to optically guide such a
profile with little spot size oscillation is ∆nc = 1/(πrew2

0)
[12], where re = e2/mc2 is the classical electron radius
and w0 is the laser spot size. If the density depression is
normalized to the plasma density np, this condition be-
comes np, ∆nc/np " 4/(kpw0)2. An equivalent change to
the index of refraction from relativistic mass corrections
can also self-guide a laser if a2

0/8 > 4/(kpw0)2 or P ≥ Pc,
where Pc = 17ω2

0/ω2
p[GW ] is the critical power for rela-

tivistic self focusing [10]. For the blowout regime to be
reached, a0

>∼ 4 and as we will show kpw0
>∼ 4, there-

fore P/Pc
>∼ 8 and a 25% reduction in plasma density is

needed to optically guide the laser. Unfortunately, the ra-
diation pressure from the leading edge of an intense laser
pushes plasma forward leading to a density compression
that nearly cancels the relativistic mass increase to the
index of refraction. Therefore, it is often thought that a
short pulse laser t <∼ 1/ωp cannot be self guided and some
form of external optical guiding is needed. However, as
described in ref. [11] for P/Pc >> 1 a degree of self-
guiding for short pulses is possible because the leading
edge of the laser locally pump depletes before it diffracts
and the back of the pulse is still guided in the ion column
region.

The stable self-guiding of an intense short pulse is il-
lustrated in figure 1. We find that for self-guided prop-
agation of the laser beam, without significant variations
of the pulse profile over the interaction distance, its spot
size and intensity must be appropriately chosen. A rig-
orous derivation for the matched spot size is not cur-
rently available. Still, as noted in ref.[9, 16] the require-
ments for a matched profile can be estimated by assum-
ing that the transverse ponderomotive force of the laser
kp∇a2

0/γ ∼ a0/(kpR), is roughly balanced by the force of
the ion channel Er ∼ kpR, which pulls back the pondero-
motively expelled electrons. Equating these two expres-
sions yields kpR ∼

√
a0. Furthermore, the blowout radius

scales with the laser spot size, kpw0 ∼ kpR. Through
simulations we have found that a more refined condition

FIG. 1: A sequence of 2-dimensional slices (x− z) reveals the
evolution of the accelerating structure (electron density, blue)
and the laser pulse (orange). Each plot is a rectangular of size
z = 101.7µm (longitudinal direction, z) and x = 129.3µm
(transverse direction, x). A broken white circle is superim-
posed on each plot to show the shape of the blown-out re-
gion. When the front of the laser has propagated a distance,
(a) z = 0.3mm the matched laser pulse has clearly excited a
wakefield. Apart from some local modification due to beam
loading effects, as seen in (b) this wakefield remains robust
even as the laser beam propagates though the plasma a dis-
tance of 7.5mm (as seen in (c) and (d)) or 5 Rayleigh lenghts.
After the laser beam has propagated 2mm (as seen in (b)) into
the plasma, one can clearly see self-trapped electrons in the
first accelerating bucket. The radial and longitudinal local-
ization of the self-trapped bunch is evident in part (c). After
7.5mm the acceleration process terminates as the depleted
laser pulse starts diffracting.

which leads to only slight oscillations in the spot size is:

kpR " kpw0 = 2
√

a0 (1)

We can use this to reformulate the matched beam spot
size condition as:

a0 " 2(P/Pc)1/3 (2)

As alluded to earlier, the laser etches back due to local
pump depletion. In ref.[11], an estimate of the etching
rate, i.e., the etching velocity, based on 1D effects was*When P/Pc >> 1 a degree of self- guiding for short pulses 

is possible because the leading edge of the laser locally 
pump depletes before it diffracts and the back of the pulse 
is still guided in the ion column 
region (Decker et al. PoP 3, 2091 (1996)).

E ∝ ξ

2

Electric field in the axis of the ion channel:

Laser spot size

Blow-out radius
Laser pulse length

Laser pulse energy

density for matched propagation
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FIG. 2: (a) A lineout of the wakefield along the z axis after
0.3mm shows that within the first bucket the slope of the
wakefield is nearly constant and equal to eEz/(mcωp) ! ξ/2
where ξ = (kp(ct − z)). After 5.7mm of propagation (b) the
wakefield has been modified by beam loading (flattening of the
wake between 400− 450c/ωp). This is corroborated by the pz

vx z plot that is superimposed on the lineout of the wakefield.
Pictures (a) and (b) reveal that the acceleration mechanism is
extremely stable during the simulation. The energy spectrum
after 7.5mm (c) exhibits an isolated spike of 0.3nC at 1.5GeV
with energy spread ∆γ/γ = 3.8% corresponding to the first
bucket and a second spike of 50pC at 700MeV with energy
spread ∆γ/γ = 1.5% corresponding to the second bucket.

of the first bunch of only ∼ 10fs, i.e. 1c/ωp. Once
a sufficient number of electrons have been trapped the
trapping process terminates, as seen in figure 1(c). The
first electron bunch reaches an energy of 1.5 GeV and its
energy spectrum is presented in figure 2(c). The normal-
ized emittances are shown in figure 3. As an interesting
aside, simulations also reveal the trapping and acceler-
ation of a second distinct bunch in the second bucket
(see figure 2(c)), which has a lower energy because the
average electric field it experiences is smaller.

The number, N , of electrons that are accelerated can
be estimated from energy balance. Hence we examine
the partition of field and particle energy within the first
bucket. The fields inside the ion column have Ez, Er,

and Bφ components. In addition there is kinetic energy
in the sheath. In a 3D linear or 1D nonlinear wake the
fields and kinetic energy scale together. This is not the
case for these 3D nonlinear wakes where an increasing
percentage of energy ends up to the electron sheath for
higher laser intensity. Integrating the field energy in the
ion channel we find equipartition between the energy in
the longitudinal field El and the focusing fields Ef :

El " Ef "
1
2
E =

1
120

(kpR)5
(

m2c5

e2ωp

)
(8)

The trailing particles can only recover the energy in the
fields and much of the kinetic energy is left behind. By
equating E with the energy absorbed by N particles that
travel across the ion channel (we assume the average field
felt by these particle is Ez,max/2), we obtain:

N " 1
30

(kpR)3
1

kpre
=

(
β3

α

)
8/15
k0re

√
P

m2c5/e2
(9)

where α = kpw0/(2
√

a0) and β = kpR/(2
√

a0). Using
equation (1) α " 1 " β we obtain:

N " 8/15
k0re

√
P

m2c5/e2
" 2.5 · 109 λ0[µm]

0.8

√
P [TW ]

100
(10)

The efficiency scales as the total energy Eb in the ac-
celerated electron beam (energy gain equation (6) times

FIG. 3: The normalized emittance [εN ]i =

π
√
〈∆p2

i 〉〈∆x2
i 〉 − 〈∆pi∆xi〉2 (where ∆pi is normalized

as indicated by the figure and the emittance is in units
of ∆xi) and is the approximate area in phase space pixi.
For the pictures above which correspond to the first
bunch this formula yields: [εN ]x ! 43π · mm · mrad and
[εN ]y ! 39π · mm · mrad. An upper limit for the emittance
can be found by multiplying the typical divergences shown
in the figure; this method leads to an overestimation which
for this case is about 25%. For the second bunch of accel-
erated electrons (not shown in this figure) the emittances
are significantly lower: [εN ]x ! 13π · mm · mrad and
[εN ]y ! 15π · mm · mrad.
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Scaling  laws for the monoenergetic blow-out regime II

Pump depletion length

Maximum energy gain

* Decker et al. PoP 3, 2091 (1996).

Laser pulse etching velocity * Phase velocity of the bubble
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given as υetch ! cω2
p/ω2

0 ; and it was verified in 2D PIC
simulations. We find that this estimate also agrees very
well with the observations in 3D PIC simulations. There-
fore, the laser will be depleted after a distance (pump
depletion length)

Letch !
c

υetch
cτFWHM !

ω2
p

ω2
0

cτFWHM (3)

The front of the laser, that excites the wake, moves
backward as the pulse etches back with υetch. The
phase velocity of the wake can therefore be expressed
as υφ ! υg − υetch, where υg is the linear group velocity
of light in a very underdense plasma ω2

p # ω2
0 ; therefore

υφ ! c[1 − 3ω2
p/(2ω2

0)]. The distance that the trapped
electrons travel until they outrun the wave (dephasing
length) is:

Lφ !
c

c− υφ
R ! 2

3
ω2

0

ω2
p

R (4)

For the energy gain we may write the obvious equation

∆E = qELW Lacc = εLW laccmc2 (5)

where ELW is the average accelerating field of the beam
loaded wake, Lacc is the acceleration length, εLW ≡
eELW /(mcωp) and lacc = ωpLacc/c. The desired accel-
eration length is the dephasing length, so we impose the
condition Letch > Lφ ⇒ cτFWHM > 2R/3. If the pulse
is too short dephasing will not be reached, and the elec-
tron beam may have significant energy spread. We note
that this condition is approximate, since the laser starts
diffracting as soon as its intensity is insufficient to sustain
self focusing and this happens before the pulse is com-
pletely pump depleted. Additionally the trapped par-
ticles need to slightly pass the dephasing point (phase
space rotation) so that the energy spread is minimum.
On the other hand, the length of the pulse should not be
too large, because the laser field could interact with the
trapped electrons and degrade the beam quality.

We need an expression for εLW which is the average
accelerating field experienced by an electron, 〈Ez〉. In
ref. [16] it was noted that for very large a0 the ion col-
umn formed a sphere and that the accelerating field from
the space charge of the ions for the most part, depends
linearly on the distance from the middle of the sphere
figure 2(a). We have determined from theory [9] and 3D
PIC simulations that a spherical shape is still formed for
a0

>∼ 4. This is confirmed in figures 1(a)-(c) where the
region void of electrons roughly forms a circle and in fig-
ures 2(a),(b) where a lineout of eEz/(mcωp) along the
axis is shown. Furthermore, we have shown [18] that the
contribution to the wakefield from the charges and cur-
rents of electrons that reside in a sheath at the edge of
the ion channel contribute little for large kpR. Interest-
ingly, although the physics is very different, the nonlinear

wakes formed in 1D also exhibit a linear slope of the same
amount. We have also found that even for smaller a0 the
wakefield has a constant reduced slope.

Because the blowout region is roughly a sphere and the
electrons are injected at the rear, the electrons can travel
a relative distance R before they dephase, leading to:
εLW ≡ eEz,max/(2mcωp) !

√
a0/2 . We can therefore

write the approximate equation for the energy gain:

∆E ! 2
3
mc2

(
ω0

ωp

)2

a0

! mc2

(
P

m2c5/e2

)1/3(nc

np

)2/3

∆E[GeV ] ! 1.7
(

P [TW ]
100

)1/3( 1018

np[cm−3]

)2/3( 0.8
λ0[µm]

)4/3

(6)

We emphasize the much stronger dependence of the
beam energy on the plasma density than on the input
laser power. In order to use lower densities, which lead to
higher particle energy, we must ensure self guided propa-
gation. Therefore, the power, P , needs to increase as the
plasma density decreases; as we will argue shortly, P/Pc

must remain relatively constant if the overall efficiency is
to remain high. We can rewrite equation (6) in terms of
the critical power for relativistic self-focusing, Pc:

∆E[GeV ] ! 3.8
(

P

Pc

)−2/3 P [TW ]
100

(7)

This equation reveals that for a constant ratio P/Pc

the trapped particle energy scales linearly with the laser
power.

The scenario that we have explored relies on the back-
ground plasma to provide the electrons to the accelerat-
ing structure as shown in figure 1(b). In order for trap-
ping to occur particles in the rear of the blowout region
must be able to catch up with the wake. The effective γ
of the wake in this example is around 20. We have per-
formed a number of simulations, where an electron beam
with γ exceeding 10000 was used as the driver instead of a
laser and we observed self-injected electrons in each case.
This indicates that for laser wavelengths in the 0.8µm
range and plasma densities of interest, self-injection will
always happen. Self-injection is more complicated in 3D
than in 1D, because in 1D self-injection occurs within
one oscillation. In 3D particles at the back of the bub-
ble, where trajectory crossing can occur leading to a nar-
row sheath, experience the highest accelerating gradient.
Therefore, even though electrons initially have longitudi-
nal velocities substantially below the wake’s phase veloc-
ity they can easily achieve sufficient energy as they are
accelerated while they slowly drift backwards (relatively
to the pulse) in the sheath.

In the regime presented here the self-injected electron
bunches are highly localized in space with a half-width
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For the energy gain we may write the obvious equation

∆E = qELW Lacc = εLW laccmc2 (5)

where ELW is the average accelerating field of the beam
loaded wake, Lacc is the acceleration length, εLW ≡
eELW /(mcωp) and lacc = ωpLacc/c. The desired accel-
eration length is the dephasing length, so we impose the
condition Letch > Lφ ⇒ cτFWHM > 2R/3. If the pulse
is too short dephasing will not be reached, and the elec-
tron beam may have significant energy spread. We note
that this condition is approximate, since the laser starts
diffracting as soon as its intensity is insufficient to sustain
self focusing and this happens before the pulse is com-
pletely pump depleted. Additionally the trapped par-
ticles need to slightly pass the dephasing point (phase
space rotation) so that the energy spread is minimum.
On the other hand, the length of the pulse should not be
too large, because the laser field could interact with the
trapped electrons and degrade the beam quality.

We need an expression for εLW which is the average
accelerating field experienced by an electron, 〈Ez〉. In
ref. [16] it was noted that for very large a0 the ion col-
umn formed a sphere and that the accelerating field from
the space charge of the ions for the most part, depends
linearly on the distance from the middle of the sphere
figure 2(a). We have determined from theory [9] and 3D
PIC simulations that a spherical shape is still formed for
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>∼ 4. This is confirmed in figures 1(a)-(c) where the
region void of electrons roughly forms a circle and in fig-
ures 2(a),(b) where a lineout of eEz/(mcωp) along the
axis is shown. Furthermore, we have shown [18] that the
contribution to the wakefield from the charges and cur-
rents of electrons that reside in a sheath at the edge of
the ion channel contribute little for large kpR. Interest-
ingly, although the physics is very different, the nonlinear

wakes formed in 1D also exhibit a linear slope of the same
amount. We have also found that even for smaller a0 the
wakefield has a constant reduced slope.

Because the blowout region is roughly a sphere and the
electrons are injected at the rear, the electrons can travel
a relative distance R before they dephase, leading to:
εLW ≡ eEz,max/(2mcωp) !

√
a0/2 . We can therefore

write the approximate equation for the energy gain:

∆E ! 2
3
mc2

(
ω0

ωp

)2

a0

! mc2

(
P

m2c5/e2

)1/3(nc

np

)2/3

∆E[GeV ] ! 1.7
(

P [TW ]
100

)1/3( 1018

np[cm−3]

)2/3( 0.8
λ0[µm]

)4/3

(6)

We emphasize the much stronger dependence of the
beam energy on the plasma density than on the input
laser power. In order to use lower densities, which lead to
higher particle energy, we must ensure self guided propa-
gation. Therefore, the power, P , needs to increase as the
plasma density decreases; as we will argue shortly, P/Pc

must remain relatively constant if the overall efficiency is
to remain high. We can rewrite equation (6) in terms of
the critical power for relativistic self-focusing, Pc:
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This equation reveals that for a constant ratio P/Pc

the trapped particle energy scales linearly with the laser
power.

The scenario that we have explored relies on the back-
ground plasma to provide the electrons to the accelerat-
ing structure as shown in figure 1(b). In order for trap-
ping to occur particles in the rear of the blowout region
must be able to catch up with the wake. The effective γ
of the wake in this example is around 20. We have per-
formed a number of simulations, where an electron beam
with γ exceeding 10000 was used as the driver instead of a
laser and we observed self-injected electrons in each case.
This indicates that for laser wavelengths in the 0.8µm
range and plasma densities of interest, self-injection will
always happen. Self-injection is more complicated in 3D
than in 1D, because in 1D self-injection occurs within
one oscillation. In 3D particles at the back of the bub-
ble, where trajectory crossing can occur leading to a nar-
row sheath, experience the highest accelerating gradient.
Therefore, even though electrons initially have longitudi-
nal velocities substantially below the wake’s phase veloc-
ity they can easily achieve sufficient energy as they are
accelerated while they slowly drift backwards (relatively
to the pulse) in the sheath.

In the regime presented here the self-injected electron
bunches are highly localized in space with a half-width
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P=100 kJ/ 1ps
L=200 m
N=1011 e-’s!

By self-guiding laser it is possible to increase the laser power, to 
lower the plasma density and to obtain a linear dependence of 
the energy of the monoenergetic beams with the laser power
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Scaling  laws for the monoenergetic blow-out regime III



A combined hierarchy of massivelly parallel simulation codes can now 
perform detailed modeling of multi-GeV plasma based accelerators

optimization of features of accelerated beams

possibility to examine novel configurations/regimes

Scaling laws for multi-GeV self-injected beams indicate multi-GeV beams 
within reach with state-of-the-art laser technology:

in the blow-out regime: 

lower densities

wider spot sizes while keeping the intensity relatively constant in order 
to increase the output electron beam energy and keep the efficiency 
high

Summary
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particle number from equation (9)) devided by the total
laser energy ET (assuming cτ ! 2

√
a0c/ωp):

Γ ∼ Eb/ET ∼ 1/a0 (11)

which indicates that a0, i.e., (P/Pc)1/3 cannot be too
large if one needs high efficiency. For a 200TW , 0.8µm
pulse equation (10) predicts 0.6nC of charge. The charge
measured from the simulation for the first bunch is
0.3nC. We have also verified these scaling laws by moni-
toring how the wake is loaded by externally injected elec-
tron bunches.

As shown in figure 1(d), the acceleration process stops
before the accelerating bunch dephases. This will not
lead to any considerable modifications of the aforemen-
tioned formulas, particularly because the pump depletion
length scales as the dephasing distance and the accelerat-
ing wakefield decreases as the trapped electrons approach
the center of the sphere.

The beam energy seen in the simulation, 1.5 GeV, is
close to that calculated theoretically from Eq. (6) which
is (6) ⇒ ∆W ! 1.6GeV . Using formulas (3)-(4) we see
Lφ ! 1.31cm > 0.96cm ! LT which is in agreement with
our observation that pump depletion happened before
dephasing. In fact, as mentioned earlier the pulse started
diffracting at 0.75cm < 0.96cm, that is to say before all
of its energy was lost. Therefore, even though eq. (6) is
not strictly valid for our simulation the estimate from it
is excellent.

In spite of the complexity of the physics associated
with this interaction, the predictions by the simple for-
mulas presented in this article are very close to 3D PIC
simulation results. Good agreement is also achieved be-
tween these scaling laws and recent experimental results
[5–7] which where slightly below the “threshold” for the
blowout regime. To be in this regime, a0

>∼ 4 or equiv-
alently P/Pc

>∼ 8 and τ < 2
√

a0c/ωp which leads to the
condition that P >∼ 30(τ/30fs)TW . We present the com-
parison between the scaling law for the energy Eq. (6)
and the aforementioned results in figure 4.

The scaling laws and results presented here differ sig-
nificantly from those in references [15–17] which describe
what is referred to as the “bubble regime”. In the sim-
ulations of references [15–17] the laser had an ultra-high
intensity, a0 = 10 − 80 and the plasma density was also
relatively high, n/nc = 0.01− 0.08. In ref.[17] the “bub-
ble regime” was further defined by the use of similar-
ity theory which provided scaling laws that clearly ar-
gue for using very large intensity (a0 ≥ 10) and rela-
tively high densities n/nc ≥ 0.01 to increase the out-
put beam energy. The conclusion of their analysis was
that all quantities (including the trajectory for each par-
ticle) scale with a single parameter, S = n/(nca0), so
long as a0 is sufficiently large. In contrast, we derived
above scaling laws for this nonlinear, three-dimensional,
blowout regime using concepts from 1D and 3D linear
and weakly nonlinear regimes such as dephasing, pump

FIG. 4: E[GeV ] vs. power P [TW ] and density n/nc from
equation 6 : The blue lines of constant power show the strong
dependence of the energy of the self-trapped electrons to the
density. The black points correspond to: (a) experiment [5],
(b) experiment [6] which uses a channel for guiding, (c) ex-
periment and 3D PIC simulation [7], (d) 3D PIC simulation
[4] which uses a channel for guiding, (e) A 3D PIC simulation
in [15], (f) 3D PIC simulation presented in this article. Each
of these points is very close to one of the blue lines indicating
agreement with our scaling law.

depletion, and self-guiding which intuitively clarify the
underlying physics. One can view the “bubble regime”
as the ultra-high intensity and high density limit of the
blowout regime. Importantly, the analysis presented here
is valid for both moderate and large a0 and it indicates
that quantities do not scale with a single parameter even
for large a0. The aforementioned results and the under-
lying physics predict that it is advantageous to use mod-
erate intensities, a0

>∼ 4 and very low plasma densities
to increase the output energy. The simulations also show
that the injection process can be clamped and the energy
spread of the electron beam is much less in the regime
we are proposing, which indicates that this regime is also
amenable to accelerating externally injected beams while
maintaining good beam quality.

It is instructive to compare the scaling laws described
above for the blowout regime against those obtained in
ref.[17] using a similarity theory for the “bubble regime”.
The key assumption of ref.[17] was that a0 >> 1. For the
energy gain, they obtained

Emono ≈ 0.65mc2

√
P

m2c5/e2

cτ

λ
(12)

This formula also implies a dependence on plasma den-
sity if one assumes cτ ≈ w0 ≈

√
a0c/ωp. Under these




